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ABSTRACT

The drift-kinetic equation (Kulsrud 1983, 2005) is an approximation to the
Boltzmann equation that is ideally suited for the study of dilute magnetohydro-
dynamic (MHD) astrophysical plasmas. In this paper we derive a form of the
collisionless drift-kinetic equation for rotating plasmas in the limit that the sound
speed is smaller than the orbital speed, and in which the magnetic fields are of
subthermal strength. We construct an equilibrium profile of the pressure and
magnetic fields within a rotating disk. We then apply these results to specific
instabilities expected to be important in describing the flow properties of hot
dilute accretion flows around black holes.

1. Introduction

Within the recent past, much progress has been made in characterizing the impor-
tant dynamics of accretion flows. The magnetorotational instability (Velikhov 1959; Chan-
drasekhar 1960) has been applied to accretion disks (Balbus & Hawley 1991) and been shown
to drive MHD fluid turbulence that can provide an outward angular momentum flux and
mass accretion rate consistent with astrophysical observations, as demonstrated in a variety
of numerical simulations (Hawley et al. 1996; Wardle & Ng 1999; Sano & Stone 2002; De
Villiers & Hawley 2003; Fromang et al. 2004). However, there exists observational evidence
of hot dilute flows, in accretion about dim mass-starved supermassive black holes, for which
the mean free path is of the order of the system scale or larger. Chandra X-ray observations
by Baganoff et al. (2003) have resolved the inner 17 around the Sagittarius A central black
hole and demonstrated that the ion mean free path at its capture radius is only a few times
smaller than the system scale. The unambiguous detection of Faraday rotation in the high-
frequency radio emission about Sagittarius A (Aitken et al. 2000; Bower et al. 2003; Marrone
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et al. 2006) implies that the magnetic field is very easily strong enough to anisotropize the
plasma. Estimates of mass accretion from the ambient conditions about this object overes-
timate its bolometric luminosity by approximately five orders of magnitude (Narayan 2002),
implying that very little of the gravitational energy produced by mass accretion is radiated;
the flow is radiatively inefficient, which implies and is consistent with a dilute plasma in
which the bulk of the thermal energy lies with the protons.

A formulation of magnetized plasma dynamics that is especially well-suited for colli-
sionless or mildly collisional MHD plasma equilibrium and dynamics is that of Kulsrud’s
drift-kinetic approximation to the Boltzmann equation (Kulsrud 1983, 2005). To lowest or-
der the particle distribution function is characterized by dynamics only along magnetic field
lines, MHD conditions of quasineutrality and zero current, and conservation of magnetic
moment for particle distributions; electromagnetic fields are associated with higher-order
moments of the distribution function that need not be explicitly solved. Furthermore, in
these dilute plasmas, momentum and energy transfer processes such as temperature equili-
bration or electric resistivity that cannot be modeled through the Kulsrud formalism are not
physically relevant. such effects may be modelled by a distribution function expansion in
collisional frequency, and applying a more accurate collisional operator, as done in Braginskii
(1965) or in Chang & Callen (1992).

The drift-kinetic equation has found use in treatments of accretion about dilute rotating
astrophysical plasmas (Quataert et al. 2002; Sharma et al. 2003). However, these derivations
are relatively opaque in that effects associated with the rotation of these plasmas is not
explicitly taken into account. Effects peculiar to the fact that these flows are geometrically
thick, where thermal speeds are subdominant but not negligible to orbital speeds and where
additional effects associated with disk radial stratification must be considered (Islam &
Balbus 2006), have also been ignored. In this paper we derive a drift-kinetic equation for
rotating plasmas, with a simplified collision operator Bhatnager et al. (1954) that reproduces
the qualitative form of viscous and thermal transport in magnetized plasmas in the limit of
high collisionality (see, e.g., Snyder et al. (1997)).

For this problem we consider the following hierarchy of scales: 1/7T < w, < Q,
1/L < wy;/c < p;, where wy,; is the ion plasma frequency, €2; is the ion gyrofrequency, p; is the
ion gyroperiod, and w,; /c is the inverse ion inertial depth, and L and T are the shortest length
and fastest time scales associated with this system. We also consider nonrelativistic MHD,
hence with Alfvén velocities smaller than the speed of light. The gravitational acceleration
is purely due to that of the central object. We consider a plasma equilibrium such that
pressures parallel and perpendicular to the magnetic field are equal, hence the equilibrium
particle distribution for electrons and ions has one temperature. We formulate the problem
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in a cylindrical geometry, where the axis of rotational lies along the vertical axis. R, g;b, and
z are unit vectors in the radial, azimuthal, and vertical directions, respectively.

The organization of this paper is as follows: in §2, we derive the drift-kinetic equation
in a rotating frame in which the sound speed is subdominant (but possibly of the same
order) as the orbital speed, as well as derive velocity moments that reduce to the fluid
equations. In §3 justify and modify turbulent and average wave quantities appropriate to
characterize accretion (see, e.g., Balbus & Hawley (1998)) to take into account the dilute and
geometrically thick nature of the flow. In §4 we consider the stability of hot dilute rotating
plasmas to the collisionless MRI and MTI as well as demonstrate heat fluxes and Reynolds
stress, calculated in §3, are of the right form to drive accretion in this dilute thick flow. In
§5 we summarize our main results as well as describe directions for further research.

2. The Drift Kinetic Equation in Rotating Frame

We begin with the Boltzmann equation, where f, is the particle distribution function,
C'[fs] is a collision operator acting on f,, E is the electric field, B is the magnetic field, F, is
the force acting on a particle of species s, and m, and Z; is the mass and charge of a particle
of species s:

= Clfdl, (1)

ov ms'av_

afs Zs 1 ofs Fg Of;
f+v-st+ ‘ E+-vxB)- f+— /
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In a dilute magnetized plasma, in which all time scales are longer than the gyroperiod and
all length scales are larger than a gyroradius of a given plasma species, a natural ordering
of the particle distribution function is in powers of Q7" < 1, where Qs = ZseB/ (msc) the

cyclotron frequency:

fo=F+fi+... (2)

The first to employ this formalism in describing the adiabatic response of such magnetized
plasmas was Chew et al. (1956); however, such a treatment is relevant only to modes with
phase velocities much faster than the sound speed.

We can represent the electric field in the following manner:
1 5 1 .
E=—ROR)pxB--uxB+Eb+E;R+E%, (3)
c c

Here R is the radial coordinate, () is the angular flow velocity, u is the fluid bulk velocity
relative to the equilibrium flow RQ2¢, and E) is the electrostatic field that in an inertial frame
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that preserves charge neutrality, and b = B/ v/B2 is the unit vector along the magnetic field.
Additional radial electric fields E% and E’ arise from force balance, quasineutrality, and
equal equilibrium velocity for all particle species and arise from rotation and have not been
included explicitly in more simplified treatments of collisionless MHD plasmas or in simplified
derivations of the drift-kinetic equation.

One must consider that to lowest order, the largest component of the electric field
(provided that u # 0) is the MHD electric field —iu x B. First, E x B drifts arising
from equilibrium E} and E. are at best of order €2/Q;, where Q. = eB/ (m;c) is the ion
cyclotron frequency, relative to the equilibrium flow velocity RQ(R)(% and in our analysis
may be ignored. Second, the evolution of the magnetic field is described by the following
MHD induction equation due to the lowest-order electric fields:

%—?:Vx (RQ{beJruxB):—u-VB—B(v-u)+B-vu+
4)
. oB (
B.vQ- 2"
R¢B -V 5

In §2.1 we demonstrate the equilibrium configuration for an ion-proton plasma to derive
the expression for the equilibrium angular velocity (R), and in §2.2 we derive evolution
equations for the zeroth-order distribution function for each species. In §2.3 and §2.4 we
derive the fluid equations for this plasma from the drift-kinetic equation.

2.1. Equilibrium Configuration For a Rotating Plasma Disk

We consider an axisymmetric equilibrium in which the magnetic thermal energy is sub-
thermal. Hence to lowest order the magnetic field does not play a role in describing the
equilibrium. We demonstrate that the equilibrium magnetic field lies along surfaces of con-
stant angular velocity, and at the midplane it is nonradial with magnetic field given by
By = By (bd)o(} + bzoé), where By is the magnitude of the magnetic field. For simplicity, we
consider an electron-ion plasma where the symbol s refers to each species. In the MHD limit
strong radial and vertical electric fields are induced that lead to quasineutrality and single
flow velocity to lowest order in the plasma.

The gravitational acceleration felt by all particles is given by the following, where R

and z are radius and height, to second order in z:
F, 322\ - )
=t — -0 (1 - 2—;2) R— 0222 (5)

Where Q2 = GM/R? is the Keplerian orbital velocity at the disk midplane (z = 0).
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Since we consider a fat disk, there is significant variation of the orbital velocity {2 across
a disk scale. To capture the lowest-order features of the angular velocity, temperature,
density, pressure, and magnetic field equilibrium profiles in height and radius it is sufficient
to only go up to second order in z. First, we choose a form of the angular velocity as implied

by Eq. (5):

R, 2) = Qo(R) ~ Jan?® (6)

Eq. (4) implies the following radial magnetic field up to second order in z:

anz

Bpy = —~
"0 900 /OR

Ban (7)

Let us assume that the ion and electron temperatures have the same spatial profile. Also
let TV = T? + T and p° = nkpT°. In equilibrium the magnetic field line must lie along
isotherms, i.e. By - VTV, which implies:

TR, 2) = Ty(R) (1 . ggjéz (ala“RTOD +0 (24, (8)

Where Ty(R) is the midplane temperature. Vertical force balance:

dpo

—E — (m, + me) nOQ%(Z = 0, (9)
Implies the following pressure and density profile up to second order in z, employing Eq. (8):
1
P’(R, 2) = po(R) — 5 (m; 4+ me) no(R)Q% 2> + O (24) , (10)
0222 agz?/2 (0InT,
0 — 1 — K Q 0 4 11
n°(R, z) no(R)( 50 +8QO/8R 3R +(’)(z), (11)

Where 0 = kgTy/ (m; +m.) is the squared sound speed at the midplane, and ng(R) and
po(R) are the midplane number densities and pressure. Second, radial force balance is given
by the following:

322 1 op°
Q02— Q AR—-Q3 (1 - = = 12
(% = Qon®) K( 2R2>R n® (m; +me) OR’ (12)
With Egs. (10) and (11) we can then solve for Qg and agq:
0 (0lnpg
_ 2 v
QO_\/QK+R2 (alnR>’ (13)
Oln dlnn
aq Q%( BlnI;g + Bllnlg (14>

= X
1>
2R2Q), 1+i(alnpo) (61nTO) 002
R2 \O0lnR OlnR OlnR
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The disk scale height is H = 6'/2/Q. For thin disks, H < R we have that the thermal
speed is much smaller than the orbital speed (8 < Q3R?); since equilibrium radial gradients
have radial scale heights ~ R, then within such a thin disk the orbital speed 2 ~ Qg, the
equilibrium radial magnetic field within the disk is at most of order Bgy ~ (H/R) B.,q, and
isotherms to a very good approximation lie along surfaces of constant R. Within thick disks,
the disk height H < R and 0 < QxR so one cannot neglect complications that arise within
some vertical coordinate within the disk — namely, substantial vertical gradients in angular
velocity and temperature, and significant equilibrium radial magnetic fields.

Note that the plasma community uses the equilibrium conditions, namely Bg - V(2 and
By-VT?, as equivalently representing the 2 and T as functions of the poloidal magnetic flux
¥ of an equilibrium axisymmetric magnetic field. This formalism indirectly represents, albeit
to lowest nonzero orders in z, expressions for the equilibrium magnetic field and temperature
in terms of €.

One also finds that radial and vertical force balance for ions and electrons can be rep-
resented in the following manner:

Zge ) 322 1 opy

SE;?()_QKR (1—2R2> :msnoﬁ_ﬁ R, (15)
Ze 1 0pj

B,z = . 1
ms 0 K* msn® Oz’ (16)

2.2. Drift Kinetic Equation

To derive the drift-kinetic equation in a rotating frame from the Boltzmann equation,
Eq. (1), it is best to transform to a set of variables centered about the equilibrium flow as
well as using gyromotion-centered variables. The velocity can then be represented as the
following:

v =RO¢ +u, +vb + \/2uB (X1 cost + ¥ sinv), (17)

Where v is the velocity parallel to the magnetic field, p is the magnetic moment, B = VB2
is the magnitude of the magnetic field, X, and y, are mutually orthogonal vectors per-
pendicular to the magnetic field, and v is the gyroangle. u, is the the bulk flow velocity
perpendicular to the magnetic field in an MHD fluid. Thus, the gyromotion-centered vari-



ables in terms of v and position:

v = v -b— RQby, (18)
(v~ RO + RObyb — b (v b) - uL>2

2B !
yi-(v-ROG-u.)

. (19)

tany = - : (20)
)A(J_ : (V—RQ(ﬁ—uL)
This implies the following Jacobian transforms:

a?}”
1T _p 21
8V Y ( )
0 2u . N
O P 5o+ 9 sinw), (22)
81#__}%0081/}—&&81111/} (23)

ov V2uB ’

The total acceleration associated with a particle of species s (where s can refer to ions or
electrons) is then given by the following, where we have included the electric field as given
in Eq. (3), gravitational acceleration in Eq. (5), and Eq. (17):

Z, 1 2\ - R
mse (E—i-gv X B) — (Q%R (1— %) R—i—Q%{zz) =
1Ops 4, 1006,  opt
——— R+ — - QO°RR 24
(ms OR + mg 02 o r + (24)
Zse

1
<5E'+ —By\/2uB (x, cost + y, sint) X b) ,
c

S

To lowest order in 2,7 in the Boltzmann equation we can see that:

. o ofy
Q (\/ZuB(XLCOS¢+ylSID¢)Xb>-a—V:O, (25)

Reduces to the following, if we use the velocity Jacobian transforms given by Egs. (21), (22),
and (23):

0f _
887,0_

Hence f0 = f0 (v”, ,u), or that the distribution function is only a function of the parallel and

Q

0 (26)

magnitude of the perpendicular velocity about the equilibrium flow.
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The next order in the Boltzmann equation with the condition as described in Eq. (26)
is given by the following, given the form of the force balance in equilibrium, Eqgs. (15) and
(16) and the form of the velocity, Eq. (17):

ofy
ot

Zse /N

0 0

The term whose magnitude is also of the same order as the above, Q,0f! /01, is a nonconstant
function of ¥ and so cannot contribute to the expression for f0. The simplest way to keep
terms that are constant in gyrophase angle is to average over ¢ in Eq. (27). Before proceeding,
one can derive the Jacobians of velocity with respect to time:

+ (RQgAb—i-uL—l—v”b—i-\/ZMB(ﬁLcosz/J—i-S’lsinw)) Vot

v b
a—tH:<uL—|—\/2,uB chosw—l—yL&nw)) o (28)
o 20 . L. ob ou, OB
= /ZE . ) £2Z= 2
5 5 (x, cosy) +y sint) atvu—i- 9 B ot (29)
And the Jacobians of velocity with respect to position are given by the following:
Vi =Vb- (\/ZMB (X1 cosy) + i siny) + uJ_) -b-V (RQC%) ) (30)

Vi = —\/%(fq cosb + ¥ 1 sing) - (U”Vb L Vu, +V (RQ&)) , (31)

Note that we need not compute the derivatives 9v/0t and Vi since f? is independent
of 1. Thus, 9f2/0t — Of2/0t + (0f2/0v)) Ov) /ot + (Of2/Op) Op/Ot and V[ — VfI +
Vo (0f)/0v)) + Vi (82 /0u) and the gyroaveraged Eq. (27) reduces to the following:

0
(;; (RQ¢ fuy 4 va) VO
ofy db .
o (u S+ (R +us+upb) (Vb-ul—b-V<RQ¢>>) +
giOQ,uB (XL cosy+yising) (X cosy +yising): Vb), %f (g%?) (32)

0

2#% <(§<Lcosz/)+$q81n¢) (X, cost 4y sine) : <UHVb+VUL +V (RQQA5>>>w+

Zs afY
<me _Sb.VpS—QQRbR) aﬁ — (],
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Where the term JE’ - b got absorbed into Ej and the gyroaveraged quantity (F), =
= 027r F dip. The evolution of the magnetic field magnitude B = B - b, from Eq. (4):

1 VB
<a+988¢>32—“§ —V-u+b-Vu-b+ Rbsb-VQ, (33)

The gyroaveraged tensor:

(1 cos b +§ 1 sing) (X1 costh + 1 sing)),, = % (I—bb), (34)

Finally, we use a simplified form of the collision operator (Bhatnager et al. 1954) that can
qualitatively reproduce the collisional form of the viscous stress and thermal conductivity:

C{fOY = vs (0= (£.))

_ n my (v) —w)”  moB
(fs) = T exp (— 5T - ) (35)

T* =T /3 + 273 /3,

Where T““" and T are the parallel and perpendicular temperatures for particle species s
defined as nkpT| = pj and nkgT] = p7. v, is the collision frequency of species s. After
some involved algebra, one can then derive the drift-kinetic equation in covariant form:

(2 35 ) 2) + V- (b + ] 128) + 5o (125 | 225+ g g | )+

0 0
) (fo [ ({E +Qa—¢] u; + [vb+u] -VuL) + uBV bt (36)

202 - (b x u) — byR (u, +vb) - VQ]) = —v, (f°B - (f,) B) ,

Additional terms appear explicitly in the formulation of Eq. (36) that do not appear in the
normal drift-kinetic equation. First, there are terms associated with noninertial rotational
accelerations along the magnetic field, 2Qz- (b x u)—b, R (u 1+ va) -V, and accelerations
along the magnetic field associated with large thermal energies , 1/ (m,n°)b - Vp§. One
can also demonstrate in a straightforward manner that an equilibrium particle distribution
function of the following form:

0 2
0 n’(R, z) msvj msuB
0 = exp | — s — . 37
° 2rkpTE(R, z)/my)*? ( 2kpT5(R,z)  kpT§ (R, 2) (37)

With an angular velocity 2 given by Eq. (6) with 2 and ag given by Egs. (13) and (14) is a
solution of Eq. (36) in equilibrium, i.e. 9/0t = Q0/90¢ = 0, u = 0, Ej = 0, the equilibrium
magnetic field by - V{2 = 0, and no heat flux along magnetic field lines by - VIij = 0.
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2.3. Moments of the Drift-Kinetic Equation

Now consider moments up to third order in velocity of Eq. (36), hence up to evolution
equations of the heat flux, using the formalism and logic as described in Snyder et al. (1997)
for a more generic plasma. The velocity volume element d*v = B dudv) dip. For a function
that is independent of ¢, [ F d®v = 27 [ FBdpdv|. The following are the nonzero moments
used in deriving fluid evolution equations from the drift-kinetic equation:

n = zw/ng dp dvy

nu) = 27T/ff"vu (B dpduy)

v = 2”/7”% (v = wp)” 2 (B dpdvy)

plL= QW/msMBfg (B dp dvy)

qj = QW/ms (o —w)” £ (Bdpdvy) (38)
qi:zﬂ/ms o — up) pBf° (B dy duy)

rj = 2”/”% (v — )" £2 (B dpdvy)

o= 27?/7”5 vy — )’ uBf (B dpdvy)

rS = QW/mSMQBfo (B du dv”) ,

Where n is the number density, v is the flow velocity parallel to the magnetic field, p‘ﬁ and
p] are the pressures parallel and perpendicular to the magnetic field for species s, qj and

g} are the heat fluxes parallel and perpendicular to the magnetic field. i T

S
s, and 7] are

fourth-order moments of the velocity. One can demonstrate the following moments of the
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zeroth-order collision operator as given in Eq. (35):
27r/mSC’ (79 Bdpudvy = 0
2m / msv C [fY] Bdpdvy =0
27r/ms (v) = w))* O[] B dpduy = _gys (v} —»2)
QW/mSuBC’ [f] Bdpdo, = —%VS (r% —p})
27r/m5 (v = )" C [f] Bdpdv = —vyq]
27r/msuB (v —uy) C [£7] Bdpdvy = —vaqi,

Thus, taking appropriate moments of Eq. (36) with moments of the collision operator given
by Eq. (39), we have that we have the following fluid equations for continuity, parallel force
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balance, parallel and perpendicular pressures, and heat fluxes.

8 0
( a¢)n+v (nu) = 0, (40)
9.99 u”+u-vu”+iv (njb) — pLV-b—QQ%(bxu)—i—

ot 0¢ nm nm (41)
Rbyu-VQ+b- <{8 88¢] u, +u- VuL> Ze o =0,

0 0
(aﬂLQa—qﬁ)pﬁ#—V-(pﬁu)—i—v-(qﬁb)—I—2pﬁ(b-Vu-b+Rb¢b-VQ)—

(42)
S 2 S S
21V b = =2 (pj —p1),
a 0.0
6 pl+pl (V-u=b-Vu-b—Rbsb-VQ)+ V- (piu)+
’ 1 (43)
V~(qib)+QiV'b=—§(pi—pﬁ),
0 9 PP — Pl
Qo ) g+ V- (giu) + V- (brf) +3 i i 1] ]—ri Vb
ot 0¢ mgn (44)

3p;
L[Lb - Vpi + 3¢ (b- Vu-b+ Rbyb - V) = —v,q;

AR : oy (]
—+Q— ¢ +V-(u)+V-(rib)+ | ——+7r5 =7 | V-b—
ot ¢ (45)

msn

pi_ S S S
—b - Vpi +¢V-u=—v.q,
mon byT4qy q1

s

With the following variable substitutions:

S 1 S S
=3 (] +2p1)
Py =P — DL (46)

¢’ =4qj/2+q}]
4 =qj — 47,
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One may rearrange equations for pressure evolution, Egs. (42) and (43), into the following:

3/(0 0 . b B s
§<— %—I-u V)p +§pV-u— V - (¢°b)

X (47)
pj(b~Vu-b——V-u+Rb¢b-VQ>
a 9] .
+Q—+u V + V u+[b-Vu-b+ Rbyb-VQ|+ v, | p) =
¢ 3 (48)

1
—3p° (b.Vu.b+Rb¢b-VQ—§V~u) ~ V(b)) +(2¢° —¢)) Vb

One may also rearrange Eqs. (42) and (43), employing Egs. (33) and (40), into the following
form first noted by Chew et al. (1956):

a a p ps S S 1 S S
B ( 3¢) ( L) +pBu-V (pé) =~V (q1b) = q1V-b— ov. (b} —p]) . (49)
3 3 s 2
P 0 0 p”B P pHB . ) 92 .

And the equations for the heat flux, Eqgs. (44) and (45), are given by the following:

d
(dt+ =V-u+b-Vu:-b+ Rbsb - VQ—H/s)qS—I—

1
(b'vu'b—gV-U—l—Rbd,b-VQ)quz—V- (b [57"[9—1—7“‘;})—{—

(51)
Lo s op° s, o0 s, oD s 2
(27”>< "‘71) V-b+ 2msnb Vp® + SmSnb Vp;, + BmSnb \Y (p + 3p“)
s 8,8 s
(p" + 3p”)p"v.b,
2mgn
8 0
8¢+2b Vu - b+ 2Rbyb - VQ + V u+vs | ¢+

2(b~vu-b+Rb¢,b-VQ—gv-u>q8=—v-(q§u)—v-(b[rﬁ—r’;})Jr (52)

(4ri—ri)v-b+

2, : 2
Ps . wps +37p” b-V(pS+§pf,>,

8 ms

In the limit of sufficiently high collisionality, one can consider a subsidiary fluid ordering of
the plasma distribution function, namely of the form:

2
0 n msvj| + 2msuB 0
fs = T exp (— ST +ofy + ... (53)
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Where THS ~ T§ = T* is the temperature of species s. §; f0 refers to deviations of the zeroth-

order distribution function from Maxwellian of order v . The fourth-order moments of the

distribution function are then given by, to lowest order in v !:

kgT*

ri = 3nkpT” B (54)
Mg

s JkpT*

rS, =nkgT . (55)
kgT*

S = 2nkpT*~2— (56)

S

From Egs. (48), (51), and (52) the viscous pressure p; and heat fluxes ¢| and ¢j are given

by the following to lowest order in ;!

s 1

pi%—gf (b-Vu-b+Rb¢b-VQ—§V-u), (57)
57’Ll€BTS

Sy — b- kpT? 58

q 2msVs V( B )7 ( )
2nkpT*

g~ — TP 1V (kT (59)
Ml

These differ from the expressions for the viscous pressure and thermal conductivity as given
in Braginskii (1965) by factors only of order unity.

2.4. Full Force Balance

Note that Eq. (36) can only describe force balance parallel to the magnetic field. In
order to describe total force balance, we consider Eq. (1) with the non-MHD electric field
defined in the following manner:

AE = E”b + 0E’ (60)

Then to first order in the distribution function we have that:

0 f0 Z, 1 Of

fs +V'sto+ eAE—QQRvL b-Vpg |- fs"’

ot s men’ ov (61)
. 1

Zs¢ (_luxB—lRQ¢xB+1va)-%ZC[fﬂa

M c I [ aV

Using the following transformation of velocity variables:

v=0+RQ¢p+u (62)
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Therefore, Eq. (61) reduces to the following:

Zge
B) -
msc<o->< ) 80’ Jdo

RR+ — vpo) =0

(3 a(b)fo—l—u Vil+o VEO+

(RQ$+a+u) ~V(Rsz£p+u)

ofl of (%‘ﬁ
(63)

mg

With the following moments of the distribution function in terms of the distribution function:
/ fPd*o =n
/ffa' o =0 (64)
ms/fgﬂﬂdga = P* = pi1+ (p) —pL) bb,
Taking the moment of Eq. (63) with respect to o, with Eq. (64) we get:
n({(9 +Qaa¢] u-+u-Vu-—2Qu x 2+Ru-v9c§s> +miv.19>5:

( /flo'd3 > xB—— (u x B) </ Zse/fs1 d30'> + Z,enAE + %Vpg,

Noting that currents and charges appear at first order in the distribution function:

(65)

e/(fil—fel)ad?)a:.], (66)
e [ = 1) #o =y, (67)

Now adding Eq. (65) for all species together we derive the MHD force balance equation:

8 0 1 n
u+u-Vu—2Qu x 2z + Ru-VQ =-JxB+ —Vp'—
pq &b} ¢) ¢ no ! (68)

V.P,

Where p = (m; +me)n, p° = p2+p), P = p, 1+ (p; — pr) bb, pj = pj +pf, and p. = p +p5.
One can easily show that J = 0, u = 0, and pj, = Pio = P§ is an equilibrium solution of
Eq. (68). Second, dotting Eq. (68) with b yields the equation for force balance parallel to
the magnetic field, Eq. (41). We have neglected the contribution p,u in the above equation
since our plasma is nonrelativistic — specifically that the Alfvén speed is smaller than the
speed of light.
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3. Turbulent and Wave Fluxes For Dilute Rotating Plasmas

One can demonstrate by selective manipulation of the moment equations (Eq. [38]), the
full MHD force balance equation (Eq. [68]), and the evolution of the magnetic field strength
(Eq. [33]), that one derives the evolution equation for the total energy within a disk, using
methods outlined in Balbus & Hawley (1998):

0 0 1 3 B? 1

-~ 4+ 0= o+ 2 _ . —ou- — =

(875 + &b) (2pu + 2p+ 87r) +V - -Fg—pu Povpo
o0 o0

Tomp e g Wee = Q-

(69)

Where Fg is the heat flux arising from local fluctuations, W, is the azimuthal stress, W4
is the vertical-azimuthal stress, Q_ is a radiative loss term, and p = p’ + p° is defined in
Eq. (46). In the context of disk accretion theory, the above expresses the fact that energy
is generated by azimuthal stresses that couple to the free energy available from radial and
vertical angular velocity gradients. This energy can then be accounted for in various ways: in
a classical accretion disk, the energy flux is almost wholly radiated away; in a geometrically
thick accretion disk, turbulent heat fluxes are large enough to transport at least some of this
viscously generated energy (Balbus & Hawley 1998; Balbus 2003). In radiatively inefficient
flows (Narayan et al. 1998), viscously generated energy must be carried away by a turbulent
heat flux (Balbus 2004).

The energy flux is given by the following;:

2 2 47

pv([u-b]b—%u),

With the first term in the energy flux corresponds to flux of gas kinetic energy, the second

1 ) 1
]-"E:u(—pu2+—p) + —B x (ux B) + bg+
(70)

to the enthalpy, and the third term corresponds to Poynting MHD flux, and ¢ = ¢* + ¢¢ and
po = P! + p¢ as defined in Eq. (46). The fourth and fifth terms correspond to contributions
due to heat fluxes along the magnetic field and the viscous stress. Wg, and W4 are given
by the following:

BrB
Wgy = purug — % + Pubrby, (71)

B,B
WZ¢ = puug — ?(75 +pvbzb¢, (72)
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The angular momentum flux can be derived from Eq. (68) and Eq. (40):

0 0
— +Q— | (pR[uy + RQ)) +
(at a¢) ¢ 73

BB B .
V'R(pu[ud)—i-RQ]—Z;ﬂ—i—pvly,b—i- |:pJ_+8—7T:| Q’)) =0,

To understand how local fluctuations about mean quantities of the form A = Ay + dA,
whether waves or turbulence, can tap into sources of energy within this rotating system,
it is easiest to consider the truncated dynamics of this system by averaging vertically and
azimuthally. Define the following averaged quantity:

(A) = % /0 - / :ZAdzdgb (74)

And consider fluctuations which spatially average to zero, i.e. (§A) = 0. Contributions
of fluctuations appear at second order. Recall that in equilibrium uy = 0, pﬁ = p% = po,
bro =0, go = 0, and ¢, 0 = 0. Thus, the energy and angular momentum equations can then
be given by the following in the absence of collisions:

% " %a% (R* {pur) + R (Wg)) =0, (75)
o(E) 10 Lopy 09
5 + E@R (FeR) — (pur) WwOR  OWmR (Wre) — Q_, (76)

Where we have ignored the flux of gas kinetic energy, that appears at third order in fluc-
tuating quantities, and the Poynting flux, which is subdominant to the other terms in the
energy flux. We have taken W4 to be an even function of height.

(L) = (pR (ug + RQ)), (77)
/1o, 1 B?
(&)= <5,ou +§p+m+8—ﬂ>, (78)
0BRroB
<WR¢> = <p05UR(SU¢ — M + 5pv5bRb¢0> s (79)
5 1

Note that the radial mass flux term (pugr) = (dpdur) + pours, where ugs is a second or-
der steady bulk radial flow of matter with magnitude of order |6p/po|*. Balbus (2003) has
suggested that one ignore mass flux terms in studies of turbulent and wave transport pro-
cesses in accretion disks. This assumption of “no mass flux” has been strongly suggested
by the well-known result that inertial, gravitational, and acoustic waves do not transport
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matter within astrophysical disks. In addition, contributions from fluctuations as well as
from steady-state radial flow ugy of the mass flux term cannot be determined at this level
of analysis.

4. Perturbed Axisymmetric Distribution Function at the Midplane

Consider an equilibrium density distribution with given by Eq. (37) with temperature
approximated by Eq. (8) and density by Eq. (11). Assume axisymmetric perturbations to
equilibrium quantities of the following da o< exp (tkgR + ikzz 4 I't), define k = k - by, and
consider a collisionless plasma v; = v, = 0. At the midplane Bry = 0, dInT§/0z = 0, and
0Q/0z = 0. Eq. (36) then reduces to the following form for ions and electrons, where we
assume equal scale heights of radial and vertical ion and electron temperature gradients:

5f = m;v) —Z']CH,UAB + eéE”/mZ- (2Q + Q/R) Fb¢OBR + i/{?||v||Q/Rb¢OBR 0
L kpTi I+ ik ik (F + ik”v”) 0 (81)
9Br [ Olnng 30T, N mipBy N mivﬁ OIn T N Brvj0lnpy/OR 0
ik OR 2 OR keTo — 2kgTy | OR U +ikjoy
5 = mev)|| —ik||p53 — 65EH/me (29 + QIR) Pb¢OBR + ik)||U||Q/Rb¢OBR fo
“ kgTs I'+ ik||v|| ikH (F + ik”v”) <0
(82)

0 Br 81nn0_§81nTg+ meuBo_i_meUﬁ 0lnT, +BRvH81npo/8R 0
ik OR 2 OR keTg  2kgT§ ) OR U +iko "

Where v; = \/kgT{/m;, and v, = \/kgT¢/m.. Terms with Q arise due to the fact that
the plasma is rotating; terms with equilibrium gradients of temperature, density, or pressure

may drive convective and free energy gradient instabilities. We have not considered the
problem of stability away from the midplane; the most significant feature of which is that
of forces along the magnetic field that act on the distribution function, seen for example
in collisionless damping of electrostatic waves in a nonmagnetized gravitationally stratified
medium.

OE) is the electric field that ensures quasineutrality, i.e. [df’Bdu = [df2Bdu. One
can demonstrate that in the limit of dominating ion thermal energy T > T¢ that the electric
field 6 ) and electron dynamic terms (such as 5pi’”) becomes unimportant in describing the
plasma dynamics. This is the simplification employed by Quataert et al. (2002) and Sharma
et al. (2003). In §A we see that the resulting dispersion relation carefully done with equal ion
and electron temperatures is not significantly different from that where the ions are orders
of magnitude hotter than the electrons.
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We find it useful to use the following normalizations:

Tr = /{I”UA/Q

y =kva/Q

v=T/Q

ap (91/2/9) 5;}50 (83)
or = — (¢2/0) L0

Here, using the induction equation Eq. (4) and the continuity equation Eq. (40), the total
force balance equation, Eq. (68), is represented by the following in terms of Eq. (83):

B P dn Q 5 _ .
2B — 42by <” MBR)+2 - BRR+27b¢O(; uBR)R+

p iz 312 dln R iz 32 (84)
_ o ) ) 0B
2vz x B=yzp— PL == Pl OPLy, iz op pR — "B+ yr—-,
Po Po P B’

Where §B/B = Bgbgo — (kr/kz) Brb.o, opj = 5pﬁ + 5pﬁ, and 0p, = dp’ + op. Contri-
butions due to ép/p — (ap — ar) / (ix3"/?) By arise from finite plasma compressibility; in
the Boussinesq limit these terms are set to zero. The eigenvalue problem consists of three
equations for solving Br, By, and §p/p: radial force balance, azimuthal force balance, and
force balance along the equilibrium magnetic field. This is demonstrated below:

k2 dlnQ byo
2 1+ B 19 —9 B Oy 4 22021 B
(7 ot { +k2 MRFITYE s 51/2 Ro\F e b.o kz o (85)

Sp . kr opL
L (2v9by + i3 ?ap) = 2=,
p ( e & P) kzb.0 b Po
_ _ _ 5p opy — 0pL

2 ar —or 2v | B 2 3 By — 42byo— = 22bypf ————
(7 o gz T R+ (v +2%) By —v 0y =T o0/ P (86)
— 20p — Qr 2]€R 2 — (S 5}?”
Br (7 gz 7 Ebzo + 27%0) +v%bgo By — 7° ? 6 (87)

Where dp, and dp are linear functions of Br, By, and dp/p. In subsequent subsections we
explore the dispersion relation associated with the rotational magnetothermal and magne-
toviscous instabilities. We work in the limit of small electron thermal energies, hence 6 — v;
and 0L — 0. For the treatment of the collisionless rotational MTI, we choose a stratified
medium that is convectively stable, hence one in which ag < 0 or equivalently ar < %a p-
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4.1. Dispersion Relations of the Collisionless MRI and MTI

In this section we derive the dispersion relations of the collisionless MRI as done by
Quataert et al. (2002) as well as the MTI, whose dispersion relation in the fluid limit has
been done by Balbus (2001); Islam & Balbus (2006). We demonstrate the salient feature of
these dispersion relations, namely collisionless Landau damping of long wavelength modes
along the magnetic field lines, k| < Q/v;.

In this limit, one can demonstrate that the parallel and perpendicular pressures and
perturbed density are given by the following from Eq. (81)

) 0B Bpr (0lnp; .
5: =2 + 21 (mo) /dfiollB2 dpdvy = ﬁ ( 5}50) (R(iG) — 1) - 59
20B 200
B (R(i¢) — 1)+ kﬁ QBRb¢OR(ZCZ>7
) 2B 01 20B . 200
;2' sz ( anpo) CZR (i¢;) + FCER(ZQ) B 38Rb¢0 (1 —2¢2R(i¢;)) . (89)
op 5B R Jnp} Br (0lnng
R ik ( OR )R(zg)_ﬁ( OR )+ (90)
Q
22 I;BRb(boR (’LCZ) y

Vi

Where we have transparently demonstrated the presence of terms that arise from rotation
(terms proportional to 2) and those arising from finite equilibrium gradients in density and
temperature. (; = '/ (k:”v,-ﬂ) and R (&) is the plasma response function, defined as the

9=zl

By substituting for the rotational term 2QI"/ (k’”z) ) one can rearrange the perturbed parallel

following:

(91)

and perpendicular pressures into the following linear combination of density, §B/B, and Bp:

opt __op OB dlnng Olnp
W B R D iky < OR 3RO>’ (82
o) _ (1 —2@2}%(@'@)) op (1 - [1+2<3]R<z‘<i>> L

% (1 —2C?R(i¢;) Olnng 8lnp6)

ik \~ RGC) ~ OR  OR
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In the limit of |(;| > 1, one has that:

1 3 15
R (ZC’L) = - + 8—C6

=52 i +0(1/¢), (94)

And in the limit of |(;| < 1, one has that:

R(i¢)=1-(Va+0(¢), (95)

One can then demonstrate that the pressure responses reduce to that of the double-adiabatic
limit (Chew et al. 1956) in the presence of equilibrium pressure gradients, i.e.:

opL bp OB dlnng  Olnp}
SN L Yeied .
T S <3 o — ), (97)

Where from Eq. (4), one can demonstrate B = ik &g with £z being the radial fluid displace-
ment. However, since the phase velocity of the modes are at best of order the sound speed,
i.e. || ~ 1, these perturbations are not adiabatic and the opposite, slow wave (|¢], < 1)
limit, holds for most unstable wavenumbers. Here we have express the perturbed pressures
only up to first order in (;:

5p|| 5p 0B Odln TO
E—);‘Fﬁgg_é]% OR (98>
dp.  dp 0B dlnng  Olnp}

Dispersion relations for the collisionless MRI and MTT are displayed below:
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Fig. 1.— Plot of the growth rate for purely vertical wavenumbers kr = 0 and no equilibrium
gradients of pressure or temperature, with a Keplerian-like rotation profile, and varying (.
Here, we see there’s a turnover where the phase velocity of the wave becomes supersonic,
roughly at wavenumbers kjv; ~ ).
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Fig. 2.— Plot of the real part of the growth rate for purely vertical wavenumbers kr =
with a Keplerian-like rotation profile and 3 = 10% and different equilibrium gradients
pressure and temperature. Here ap = 5 and different ar = 0, such that 0 < ar < %O[p,
that the plasma remains convectively stable.
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Fig. 3.— Plot of the imaginary part of the growth rate for purely vertical wavenumbers
kr = 0, with a Keplerian-like rotation profile and 5 = 10? and different equilibrium gradients
of pressure and temperature. Here ap = 5 and we choose ar < %oz p so that the plasma is
convectively stable but unstable to the magnetothermal instability.
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The overarching feature of the plasma response via the MRI and MTT is that of relatively
strong collisionless damping of modes along the magnetic fields for long wavelength modes
kj < Q/v;, such that at these wavenumbers the phase velocity remains of the order of
the sound speed. This feature has been noted in previous studies of the collisionless MRI
(Quataert et al. 2002; Sharma et al. 2003). This damping has the effect of suppressing
pressure variations for sufficiently small wavelengths, such that as the plasma 3 decreases
to order 1 and smaller the effects of anisotropic pressure become insignificant over much of
the range of unstable wavenumbers. Shown below in Fig. (4) for the marginally convectively
stable case, ap = 5 and apr = 2. Dispersion relations for the collisionless MRI and MTI

-0.05

G
~
M~ -0.1 B
g B
0.15 | A
| P, N B = 10° /
N /
N /
N\
0.2 | N / |
\ 7/
N\ 7
\\ //
~0.25 | S~e o _- ]
0.5 1 1.5 2 2.5 3 3.5

k'VA/Q

Fig. 4— Plot of the imaginary component of the growth rate (associated with finite com-
pressibility) for various § and a marginally convectively stable Keplerian-like rotating flow.
For large 3 the imaginary component reaches a maximum at those wavenumbers at which
the growth rate of the instability saturates. As § — 1, ImI'/Q < 0 and its magnitude
increases until it is within the same magnitude of the growth rate.

are similar to their fluid counterparts — the magnetoviscous instability, or MVI (Islam &
Balbus 2005), and the magnetoviscous-thermal instability, or MVTI (Islam & Balbus 2006),
respectively. Instead of collisionless damping in the case of the instabilities analyzed within
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this paper, in fluid treatments it is finite (but dynamically important) viscosity and thermal
conductivity that plays this role.

4.2. Quadratic Fluxes of Collisionless MRI and MTI

Here, we determine the normalized quadratic heat flux, Eq. (80), and the radial az-
imuthal stress, Eq. (79), associated with a given mode of purely vertical wavenumber k.
We normalize these fluxes as a function of fixed Lagrangian radial displacement {g = dur/T.
We require expressions for the viscous pressure p, and the heat flux ¢. From Eq. (81) and
the moment equations, Eq. (38), we have that:

L . [0B 20T _ iBr (9lnpj iBr,
(51,1,”/1)z = ZCZ\/§R (ZCz) ( B —kﬁU?Bquso + —]CH ( OR )) + —k” b¢OQ R, (100)
. 2mm;
Oa/ (povi) = =3buy fui + = /Uﬁ’(SinB dpdv) =
oUi
_ , (101)
, 0B Bg (0lnp} Q¢ - 9 oy
(ZCZ\@ ( B) ki ( OR )CZ\/E Rog meOSX (26 + 3] R Gi6) =1).
i 27rml- 9 0 . (SB X
6q1/ (phvi) = —0uy /v + o v B3 £ dp dvy = —i¢ V2 5 R(i¢;), (102)
oVi

Expressions for the heat flux and radial-azimuthal stress for these axisymmetric modes at
the disk midplane are given by the following:

WR¢ = Re (p05u§5u¢ — UiBEqu + b¢QB}k%6pv) s (103)

_ 1 _
Frr =Re (g(Su*R(S@ — 0qB}, — gépo};) : (104)

One can employ Eq. (46), with expressions for the perturbed pressures as given in Eqs. (88)
and (89) and heat fluxes given in Eqs. (101) and (102). The form of the relative perturbed
density and toroidal magnetic field dp/p and B, are described in the eigenvalue equations
(Egs. [85], [86], and [87]). Expressions for the relevant perturbed quantities in terms of g
are described in §B. The azimuthal stress is normalized in units of pQ? € R‘z and the heat
flux in terms of pv;Q? |€x|%.

In Figs. (5) and (6) are plots of the heat flux and azimuthal stress for the collisionless
MTT for different 0 < ap < %Oép.
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Fig. 5.— Outwards normalized azimuthal stress for the collisionless MT1, for a Keplerian-like
rotation profile, 8 = 102, and by = b,o = 1/ V2, for various convectively stable equilibrium
profiles with ap =5 and 0 < ar < 2.
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Fig. 6.— Same as Fig. (5), except for quadratic heat flux.
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In Figs. (7) is a plot of the azimuthal stress for the collisionless MRI for various g > 1.
The the heat flux for the collisionless MRI is zero. There are no equilibrium radial gradi-
ents of temperature or density, the growth rate is purely real, so that for a given mode the
temperature and viscous pressure perturbations are out of phase with the perturbed radial
velocity, and theperturbed heat flux is out of phase with the perturbed radial magnetic field.
The salient features of these instabilities is that they produce the right type of azimuthal

7

10°

)
1]

6 - e e en e e - B = 10 .

—_——m - -— emm = =3 - 102

Tre/ (092 | Ex 1?)

kVA/Q

Fig. 7.— Outwards normalized azimuthal stress for the collisionless MRI, for a Keplerian-like
rotation profile, 1 < 8 < 10%, and by = bo = 1/v/2.

stress that can drive accretion. The general sense of the Reynolds stress is outwards for all
unstable wavenumbers for the collisionless MTI; however, Islam & Balbus (2006) demon-
strates that the MVTI can have a generally small range of small wavenumbers for even an
unstable Keplerian rotational profile in which the azimuthal stress is negative.

5. Summary of Results

In this paper we have derived the drift kinetic equation explicitly in a rotating frame with
possible significant gas pressures and only mild collisionality, with application to hot, dilute,
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weakly-magnetized (in the sense that magnetic forces are subdominant in equilibrium), at
best mildly relativistic systems such as as dim accretion about supermassive black holes. We
see physical terms explicitly associated with disk stratification as well as rotation. We also
see that one may rather easily derive modifications of the azimuthal stress and heat flux due
to fluctuations or waves in accreting systems (Balbus & Hawley 1998; Balbus 2003) due to
dilute plasmas, as demonstrated in §3, in order to characterize how or whether instabilities
may create the right type of turbulence that drives accretion.

We analyze the collisionless MRI and MTI, which have been demonstrated (Balbus 2001,
2004; Islam & Balbus 2005, 2006) from a fluid treatment to destabilize a plasma, through
anisotropic viscosities and thermal conductivities, that possesses adverse angular velocity or
temperature gradients. We demonstrate that the dispersion relation for the collisionless MRI
matches that of Quataert et al. (2002), that both the collisionless MRI and MTT match with
their fluid counterparts — the MVI and the MVTI, respectively. Heat fluxes and azimuthal
stresses associated with them have the right sense (i.e., positive), to drive accretion in fat
dilute nonradiative rotating plasmas, and roughly match their respective fluid counterparts.
Unsurprisingly, we also find that we may ignore complications arising from finite electron
temperature.

Although we have applied the drift-kinetic equation to a single but important class of
instability in Keplerian-like rotating systems, its representation as given in Eq. (36) lends
itself to much richer studies of these types of dilute plasmas. First, even if the equilibrium
can be described by fluid dynamics, it may be unstable to shorter-wavelength collisionless
MHD modes; as noted by Sharma et al. (2003) and as can be demonstrated by including
collisional effects in the drift-kinetic equation, there exists a range of collision frequencies
v < QB3Y? where the MHD dynamics are consistent with that of a collisionless plasma. Sec-
ond, we have showed that for these fat magnetized plasmas there exists significant variation
of equilibrium magnetic field, temperature, and angular velocity through a disk height. Sig-
nificant equilibrium forces along the magnetic field, at positions away from the midplane,
can then modify the behavior of disk MHD instabilities even in mildly collisional plasmas.
Third, we can construct more accurate collisionless approximations to the third-order mo-
ments of the distribution function, heat fluxes of the pressures parallel and perpendicular
to the magnetic field, that provide better approximations to MHD instabilities peculiar to a
rotating stratified disk than those of Snyder et al. (1997).
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A. Finite Electron Temperatures

One can demonstrate that the ion and electron perturbed density are given by the

following;:
5ni . 5B . Ze(SEH 5B i
o = 27m /deB d/J dU” + § — k”kBTZR( Cz) B (R (ZCZ) 1) +
ZQF iBr (Olnn iBr (0Ilnp? ,
Ko R bpoBn + ’fnR ( 530) - /fR ( R )R%)’
(STLe B _1 5B . i€§E|| . 5B .
o =27 TN /5feB d/,L dUH + ? = ]{,‘”k’BToeR (de) E (R (ZC@) ].) +
ZQF iBr (Olnn iBgr (0Inp? ,
oz 6 boo B+ . ( aR“) . ( R )R(z@,

If we make the following variable substitutions:

Ty = (T4 + Tg) cos® ¢,
Ts = (Tg + T§) sin® 1),

This preprint was prepared with the AAS IATEX macros v5.2.
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Thus, with Eq. (83) and Egs. (A3) and (A4), expressions for (; and (. are given by the
following:

1/2
__ i
6= e () (5)
1/2
_ 7 me
Ce_x Qﬁcscw<mi+me) ’ (46)

With quasineutrality dn; = dn. one can demonstrate that the electric field is given by the
following;:

265E1|| _ 5_B . 9 2 R (ZCz) - R (1ge) i
Bmrm)s B VRGO s T R (i) o b
Br ap (R (iG) — R(ic))
msm 24 cos? Qb (ZQ) sn2 9 + R (ic,) COS22/} (A7)
QQFB R (i¢;) m+m sin ¢ — R (i¢.) e CO8 )
kﬁ@ R R (i¢;) sin® ¢ + R (i(,) cos? ¢ ’

One can then demonstrate that the total perturbed parallel and perpendicular pressures are
given by the following using normalizations given by Eq. (83):

% :%O@ (R (i¢;) cos® ¢ + R (i¢.) sin® ¢ — 1) _
%?B (R (i¢;) cos® v + R (i¢.) sin® ¢ — 1) + (A8)
27 m;R (ZCZ) +meR (ZCe) QZe(SEH
ﬂB " My o+ Me T Gne £ me) 0 (R (iG;) = R (i)
% - 225%3 ap (G R (iG;) cos™ v + (R (iC.) sin® 1)) +
2y 5 (CR(G) cos” o+ CR (i) sin® ) +

(A9)

27 202m, R (i¢;) + 2¢2m R (i)

B (A e

x2[3 rbgo ( m; + me +
22€5EH

kH (ml -+ me) 0

(GR(i¢) — CR(iC.))

Shown below are plots of the collisionless MRI (Fig. [8]) and MVTI (Fig. [9]) taken for various
ratios of T¢/Ti. These are all taken for a 8 = 10? plasma, with Keplerian-like rotation profile
Q o< R%/2, and equal azimuthal and vertical equilibrium magnetic fields bpo = by = sinm/4.
For the MVTI, we use a system that is convectively stable, hence ap =5 and ar = 1.
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Fig. 8— Plot of the real part of the growth rate as a function of wavenumber for the
collisionless MRI for both equal and negligible ion and electron temperatures. The agreement
when taking the case of equal ion and electron temperatures and one in which the electron
temperature is relatively negligible are quite similar.
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Fig. 9.— Plot of the real (top) and imaginary (bottom) parts of growth rate of the collision-
less MTI. On the left we compare the real part of the growth rate for negligible and compara-
ble electron and ion temperatures. On the right, we demonstrate that for 7§/T¢ = 107! the
imaginary part of the growth rates coincide extremely closely with the limit of T§/T¢ = 0.
Maximal compressible effects are reached at those wavenumbers k| = /6'/2.
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The discrepancy between a more careful analysis and one in which we consider only the
ion dynamics is unsurprising; the phase velocity of these modes are at best of order the ion
sound speed and for the bulk of unstable wavenumbers are at best of order the Alfvén speed.
Effects peculiar to large electric fields and electron dynamics, remarkably, become important
only in the limit that electron temperature is substantially larger than the ion temperature.
Essentially, the small electron mass results in significant electric fields that lead to negligible
pressure stresses relative to azimuthal stresses. This yields, for instance, the MRI dispersion
relation.

B. The Forms of Lowest-Order (Quadratic) Heat and Angular Momentum
Fluxes

Here we calculate the relevant perturbed quantities in expressions for the quadratic
heat flux and azimuthal stress for the collisionless MRI and MTT as given in Eqs. (103) and
(104). We consider only modes with vertical wavenumber, kg = 0. We employ Eq. (85)
with the form of the perturbed density as given in Eq. (90) and perturbed pressures as given
by Egs. (88) and (89) to determine dug, Bgr, By, and duy in terms of £g. Using variable
normalizations as given by Eq. (83) we have that:

dup =y (Q%r), (B1)
Bg =iz (%&) , (B2)
o P (0 R a0) s et [n (i) -]
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VA

. (B4)
dIn 2 27?2 . ~ 7y
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Using Eq. (46), and expressions for the perturbed heat fluxes as given in Eqs. (101) and
(102), we have expressions for the dp,, 660, and dg:

Spy = (P H " | (2 1
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Thus, with the above perturbed quantities we demonstrate the (outward) azimuthal stress

and (outward) heat fluxes as shown in §4.2.



